The classical paper [1] establishes the result about the uniqueness of motion parameters in image sequences: "Given the image correspondences of eight points in general position, the motion parameters are unique." In this correspondence, we use examples to illustrate that the theorem does not hold if finite resolution is taken into account. It also brings out robustness issue of any possible algorithm. In fact, we show: Given the image correspondence of eight points in two views. If 10% error in the motion parameters is not acceptable, then no robust algorithm uses slant, tilt, or Eulerian angles can be found under the worst case analysis. Furthermore, we suggest rotational matrix should be used to test the robustness of any potential motion algorithm.
Introduction
Analysis of time-varying images is a very important task in such fields as robotic vision and object tracking. Despite great advances in this research area, practical implementations is still far from reality and remains elusive. Thus the timely and urgent task is to implement or to search for correct and robust algorithms for motion analysis. To date not only few literatures address this question, but also there is no general understanding as to why the developed methods are not robust.
In general, approaches employed in time~varying image analysis can be grouped into featured-based and flow-based methods. In the feature-based method each frame of the sequence is segmented first, and the feature points are marked. Next, the correspondence of these featured points between the two frames is established. Lastly, the motion parameters and object structure are derived. The second step is often called the correspondence problem, and the third step is called the structure from motion problem. The discussion throughout this paper is related to the structure from motion problem.
Two different computational schemes can be found among existing analyses for the structure from motion problem. For instance, [2, 3, 4] rely on the solution of nonlinear equations using iterative searches. Other method~like [1,5] rely on the solution of linear equations and the singular value decomposition of a 3 x 3 matrix. In solving nonlinear equations iteratively, the search is enormous unless a good initial guess is given. [2, 3, 4] give neither the details for the implementation of their algorithms nor the experimental results clearly.
On the other hand, [1] which relies on solving linear equations, gives a clear report on experimental simulations aside from theoretical analysis. However, the results suggest the difficulties of this technique to become a robust algorithm because of its sensitivity to the data. In addition to experimental results, [1] also addresses a condition for having unique recovery of motion parameters for time-varying image analysis. They state: Given seven or more image point correspondences in two views, the motion parameters are uniquely determined if the seven object points do not lie on two planes with one plane passing through the origin or on a cone containing the origin.
Langnet-Higgins [6] enumerates the configurations that defeat the 8-point algorithm (i.e., cases in which the motion parameters are not unique).
The purpose of this paper is twofold: (i) The theory in [1] does not consider the possible effect of finite resolution in the digital image. In fact, the finite resolution requirement is unavoidable for any practical application. We will use one example (more could be created) to illustrate that the uniqueness theorem does not hold if finite resolution is taken into account (ii) We will use the same example to address the robustness property of any potential motion algorithm and to reveal one reason why the experiments in [1] are so sensitive to noise.
Imaging Geometry and the Problem
In this section we will discuss parameters of imaging geometry, some terminology, the structure from motion problem, and the objective of the task.
Camera Parameters:
A pin-hole model instead of an actual camera will be used. The purpose is to avoid calibration procedure and issues of focusing. The pin-hole is assumed at the origin of the xy -z coordinate system and z-axis is along the optical axis. The image plane is at z = 1 and perpendicUlar to z-axis. The field of view of this pin-hole model is 60~Figure 1 sketches the imaging geometry.
It is straightforward to deduce from above parameters that the image plane has dimension i x i square. This image plane will be sampled into 512 x 512 screen pixels. Thus the spatial resolution is: 1 pixel = to\]';. will correspond to the same pixel position (0, 0). In case one needs floating number representation for a pixel to perform computations, the center of the pixel will be used. Notice Figure 1 also illustrates two object point with the same pixel position on the screen.
The following algorithm converts a floating number to its pixel coordinate. We assume the conversion from a floating number to integer number is performed by truncation.
Algorithm: (Floating number to screen coordinate) float X int SX (* Screen coordinates *) if X ;, 0 then SX = X' 256-13 + 0.5 else SX X • 256-13 -0.5
Motion Problem:
Consider a particular point P on an object. Let
It is well known that any 3-D rigid body motion is equivalent to a rotation by an angle e around an axis through the origin with directional cosines (n 1> nz. n3) fol-
where R is a 3 x 3 orthogonal matrix.
(1)
Note that all these numbers are floating numbers so far. We will call an image with floating point coordinates as digital picture and call an image with integer (pixel) coordinates as digital image. To obtain their screen coordinates, one has to convert (X, Y) and (X', Y') to integers as described in the algorithm above.
Let (SKi, SYi, 1) and (SX'i, SY'i, 1) be the screen coordinates of (Xi, Y;, 1) and (X'i, y'i, I), respectively. Now given N image point correspondences
Note that all the existing literatures do not distinguish (SKi, SY i , 1) from (Xi, Yi, 1).
Motion Parameters:
The motion parameters described above consist of 8: rotational angle, (n 1, n2. n3): directional cosines of the rotational axis, and (lx. t yo t z ): translational vector. The rotational axis may also be described in terms of slant and tilt. Slant, ranging from zero to 90°, is the angle between rotational axis and optical axis. Tilt, ranging from zero to 360°, is the angle between the horizontal axis (x-axis) and the projection of rotational axis on the image plane. Since directional cosines and (tilt, slant) are used in the literatures, we will include both of them, denoted by RA and RB, as rotational parameters. RA will denote (e, <,")= (rotational angle, tilt, slant) while RB will denote (e,a,~, 'Y)~(rotational angle, ocos(n ,),ocos(nz),ocos(n3))'
As for the translational vector (l x • t y ' t z ), we will nonnalize it so that t z = 1 if tz ' * O. This can be done since the solution to (2) is up to a scalar.
Objective:
Our task is (i) to investigate the effect of finite resolution on uniquess of motion parameters, (ii) to bring out the robustness issue of any possible motion algorithm.
Example
A rotation with parameters RA =(10", 10", 10 i is applied to the following eight points a 1 through Q 8 followed by a translation (2, 2, 8 ). The position of aj after the motion is denoted by bj . The screen coordinates for Qj, b i are listed besides and these serve as observable inputs. Figure 3 The meaning of the solutions listed above involve the following steps.
(1) Use screen coordinates of ai as input, (2) Convert screen coordinates into floating representations, (3) Take Zj as the depth of ai, (4) Apply the rotation parameters and translation vector to the object points constructed from (2) and (3) to obtain space coordinates of objects after motion, (5) Take the projection of these new coordinates in (4) and convert them into screen coordinates, (6) These screen coordinates in (5) actually concide with the screen coordinate of the second input image Le. hi.
Counterexamples or Not
The above example, in fact, does not violate the uniqueness theorem in [1]. In the case of finite resolution, points within 0.5 pixel of the center of the picture element (pixel) are regarded as coincident. Conceptually, one could create many pairs of input images (in terms of infinite resolution) having the same two finite resolution input images. Thereafter one could recover motion parameters for each pair of input images and presumably anticipate many solutions. However, owing to the sensitivity of the existing algorithms, it is not a straightforward task to create the above examples. In fact, these examples are part of our efforts to investigate the robustness of motion algorithms.
The above example actually raises the issue of robustness of any potential motion algorithm. The error in tillt might be as large as 400%, and the error in slant might be 70%. However, the use of relative error is quite misleading because small angles will inevitably cause large relative errors. If absolute error is used, then the eITor in tilt might 40 0 where the range of tilt is 360~thus a 10% error. The example shows error from 0% to 10%. Since these solutions are all accurate with regard to finite resolution of the image, there is no basis to favor one over the other. If a 10% error in the motion parameters is not acceptable, then no robust algorithm uses slant,tilt or Eulerian angles can be found. This also points out the difficulties encountered in [1] and any existing algorithm.
Robustness Issue
The sensitivity behavior exhibted by the above example is a worst case analysis of any potential algorithm for minimal input. By minimal input, we mean the number of available feature points is eight. If more points are available, the sensitivity in general would be attenuated. However it is also clear that the more number of points a technique requires, the less application it has. Recently. Barron et al [8] propose an approach to noise sensitivity analysis. The basic idea is to examine error amplification factors: given a certain size input error what is the size of the output error? This approach would be also suited for the analysis of Huang and Tsai's algorithm. See [8] for the details. The computational aspect of the Huang and Tsai's alorithm involves two major steps. The first step involves solving a linear system of eight equations. The second step involves the singular value decomposition of a matrix. It is well known that the sensitivity of either of these two steps depends on the condition of a matrix. Therefore, the behavior of the eight-point algorithm depends on the data and can be predicted. The above example above, however, does not exclude the possible existence of a scheme which could compute motion parameters reliably in some other metric system. For example, [8] suggest that an average case error analysis rather than worst case analysis would be a more appropriate type of analysis. In fact,the following observation suggests measurements in terms of 1 2 norm might be a good and useful criterion.
If one examines the rotation matrix then there is a closeness between the actual matrix 
"
In fact, if we evaluate I I R -R I I in 1 2 norm, we find they are very close to each other. Note that the following holds for any x:
The geometric meaning is that the angle between R x and R x (for every x) cannot A , (5, 231) B , It is clear that the error in slant is about 10% and the error in tilt is about 20: thus a 5% error out of the range of 360 0. The error in translation would be quite unacceptable.
Concluding Remarks
From the viewpoints of sampling, there is a 0.5 pixels tolerance for every screen coordinate. With this tolerance, we are able to find three different solutions which clearly demonstrate the effect of finite resolution on uniqueness of motion parameters. From these solutions, we see that the robustness of an algorithm strongly depends on the criterion used. TIris reveals one source of the difficulties to obtain smallRerror solution encountered in [1]. In fact. we show that it is not possible to find a robust algorithm if 10% error is not acceptable and angles are used as output under the worst case analysis. Furthermore, we suggest rotational matrix instead of angles should be used to test the robustness of any motion algorithm. However, this does not mean a motion algorithm will then become a robust one if the rotational matrix is used as output. The challenge of searching for robust algorithm remains. 
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